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What is the complexity of QCSP(N; x =y — y = z)?

» QCSP(N;x =y — y = z) is coNP-hard [Bodirsky, Chen,
2010].

Lemma [Zhuk, Martin, 2021]
QCSP(N; x =y — y = z) is PSpace-hard.

Theorem [Zhuk, Martin, Bodirsky, Chen, 2021]

Suppose relations Ry, ..., Rs are definable by some Boolean
combination of atoms of the form (x = y). Then

QCSP(N; Ry, ..., Rs) is either tractable, NP-complete, or
PSpace-complete.
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QCSP(IN):
Given a sentence 3y1Vxy ... 3y Vxe(Ri(...)A--- ARs(...)), where

Ri,...,Rs €T.
Decide whether it holds.

Examples:
A=1{0,1,2},T = {x # y}. QCSP instances:

Vx3y13ya(x # y1 AX # ya Ay1 # ya), true
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Main Question
What is the complexity of QCSP(I") for different '?
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CSP(I):

Given a sentence Jy; ...y (Ri(...)A---ARs(...)),
where Ry,...,Rs €T.
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Theorem [Bulatov, Zhuk, 2017]

» CSP(T') is solvable in polynomial time (tractable) if there
exists a weak near-unanimity operation preserving I,

» CSP(I') is NP-complete otherwise.

Weak near-unanimity operation (WNU) is an operation satisfying
w(y, X, X,...,x) = w(X, ¥, X,...,x) = =w(x,x,...,x,y)

Examples: xVy,xAy,xy VxzVyz,x+y+ z,0,min(x,y),...
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> If I' contains all predicates then QCSP(I') is PSPACE-complete.
> If I consists of linear equations in a finite field then QCSP(I) is in P.
Theorem [Schaefer 1978 + Creignou et al. 2001/ Dalmau 1997.]
Suppose I is a constraint language on {0,1}. Then
> QCSP(T) isin P if I' is preserved by an idempotent WNU operation,
> QCSP(I) is PSPACE-complete otherwise.

P PSPACE
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QCSP Complexity Classes
» Put A= AU {x}, I"is T extended to A". Then QCSP(I") is
equivalent to CSP(I).
> there exists I on a 3-element domain such that QCSP(T) is
coNP-complete.
> there exists I on a 4-element domain such that QCSP(T) is
DP-complete, where DP = NP A coNP. i

» there exists ' on a 10-element domain such that DP
QCSP(I) is ©F-complete.

rcoNP
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Theorem [Zhuk, Martin, 2019]

Suppose [ is a constraint language on {0,1,2} containing
{x=alaec{0,1,2}}. Then QCSP(T) is

» in P, or

v

NP-complete, or

v

coNP-complete, or
PSPACE-complete.

v
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QCSP Dichotomy
Theorem
Suppose
» QCSP(I) is not PSpace-hard
> JyoVx1Tyi ... Vx,3y,V is a No-instance of QCSP(T)

)22|A‘\A|+1

Then there exists S C A" with |S| < |A?- (n- |A| s. t.

FyoVxi3yy ... VxpTyn((x1,...,xp) €S = V)

does not hold.

We can restrict the Universal Player to polynomially many moves and he still wins.

Corollary
QCSP(T) is not PSpace-hard = QCSP(T) is in M5 J

Proof: For each polynomial-size S C A" check the existence of a
winning strategy for the Existential Player.

ny = {vx 3y V(X,Y,Z):V eP,p,q - polynomials}
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Lemma

There exists ' on a 6-element set such that QCSP(I') is
NS -complete.

Are there any other complexity classes?
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P vs NP-hard (under Turing reductions).
NP vs coNP-hard

coNP vs NP-hard

NP U coNP vs DP-hard

DP vs ©%-hard

©F vs N5-hard

MY vs PSpace-hard ~ (Done!!!)
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