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Label Cover

Input: some sets and maps

Task: pick one element out of each
set, compatibly.

CSP to LC: Let (A,R ⊆ A2) be a
CSP template
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BLP / AIP / Zp / . . . via Label Cover

LC to LP: elements of the sets are
variables a ∈ [0, 1]

1 =
∑
a∈A

a

b =
∑

f (a)=b

a

replace [0, 1] with Z, Zp, vectors, . . .
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Sherali-Adams

LP to LP:

1 =
∑
a∈A

a, b =
∑

f (a)=b

a

new variable ab ∈ [0, 1] for every pair

ab = ba, aa = a,

ab = 0 if a, b ∈ same potato

c =
∑
a∈A

ac, bc =
∑

f (a)=b

ac

Max Hadek (Charles University) Hierarchies galore Durham 2026 4 / 13



Philosophy
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Hierarchies for anything

given a LC-instance D, build a new LC-instance:
• a potato A1 × · · · × Ak for every k-tuple of potatoes A1, . . .Ak in D
• add all ”obvious” constraints

A

C

Bg

f

h

A×A A×B A×C

B×A B×B B×C

C×A C×B C×C

f ×fg×f

h×id

f ×h

(21)∗

(22)∗

(11)∗
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Hierarchies for anything

given a LC-instance D, build a new LC-instance:

• a potato A1 × · · · × Ak for every k-tuple of potatoes A1 . . .Ak in D
• add constraints

A1 × · · · × Ak
f1×···×fk−−−−−→ B1 × · · · × Bk

where each fi is from D or identity

• for each σ : [k] → [k] add a constraint

A1 × · · · × Ak
σ∗
−→ Aσ(1) × . . .Aσ(k)

a1 . . . ak 7−→ aσ(1) . . . aσ(k)

Max Hadek (Charles University) Hierarchies galore Durham 2026 7 / 13



More philosophy
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Minions

Definition: A minion M is a functor set → set, i.e.

• for every set A, there is a set M(A)

• for every map f : A → B, there is a map

M(f ) : M(A) → M(B)

• with axioms M(idA) = idM(A) and M(f ) ◦M(g) = M(f ◦g)

Example: M(A)
BLP = {P : A → [0, 1] |

∑
a∈A P(a) = 1}
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Minion homomorphisms

Definition: a minion homomorphism is a natural transformation
f : M → N , i.e. a tuple of maps αA : M(A) → N (A) s.t.

A M(A) N (A)

B M(B) N (B)

∀f

αA

M(f ) ◦ N (f )

αB

Example:

MBLP → Pol(hornSAT)

P 7→
∧
a∈A

P(a)>0

a : {0, 1}A → {0, 1}
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Characterizations

R = BLP, AIP, Zp. . .

[BBKO21]:

MR → Pol(A,B) ⇐⇒ R solves PCSP(A,B)

Pol(A′,B ′) → Pol(A,B) =⇒ PCSP(A,B) ≤P PCSP(A′,B ′)

new: for any minion M, there is a minion lvlkM s.t.

lvlkMR → Pol(A,B) ⇐⇒ k-th level of R solves PCSP(A,B)

lvlkPol(A
′,B ′) → Pol(A,B) =⇒ PCSP(A,B) ≤P PCSP(A′,B ′)

combine with Victor+Jakub:

lvlk(ωPol(A
′,B ′)) → Pol(A,B) ⇐⇒ PCSP(A,B) ≤Datalog PCSP(A′,B ′)
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Levels of Zp

have better minions for levels of Zp:

(lvl2Zp)
(A) ∋ P : A → ZN

p s.t.

{∑
a∈A P(a) = 1̄

P(a)⊥P(b) for a ̸= b

Same for k > 2, but stronger orthogonality condition

Consequences:

second level of Z2 solves D4

p-th level of Zp solves Zp2

Z8 ???
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