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▶ n = {0, 1, . . . , n − 1} and ω = {0, 1, . . .}.

▶ All structures are finite or countably infinite. All maps
between structures are embeddings.

▶ Given structures A,B,C and numbers k , t ∈ ω, we use the
notation

C −→ (B)Ak,t

as a shortcut for the following statement:
For every colouring c : Emb(A,C) → k, there is f : B →
C such that c attains at most t values on

f ◦ Emb(A,B) = {f ◦ g : g ∈ Emb(A,B)}.
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Sets with no structure

Theorem
ω ̸−→ (ω)22,1.

Proof.
Given f ∈ Emb(2, ω), colour it 0 if f (0) < f (1) and 1
otherwise.

Theorem
For all k ∈ ω, ω −→ (ω)2k,2.

We will prove a stronger statement:

Theorem
For all k ∈ ω and every c : Emb(2, ω) → k, there is an embedding
f : ω → ω such that for every g : 2 → f [ω] it holds that c(g) only
depends on whether g is increasing or decreasing.
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Theorem
For all k ∈ ω and every c : Emb(2, ω) → k, there is an embedding
f : ω → ω such that for every g : 2 → f [ω] it holds that c(g) only
depends on whether g is increasing or decreasing.

Proof.

By the infinite Ramsey theorem we know that for all n ∈ ω:

(ω,<) −→ ((ω,<))
(n,<)
k,1 .

Note that

Emb(2, ω) = Emb((2, <), (ω,<)) ∪ Emb((2, >), (ω,<)).

Now fix c : Emb(2, ω) → k . Apply the infinite Ramsey theorem
twice, first to stabilize c on the increasing embeddings and then to
stabilize it also on the decreasing embeddings.
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Definition
Let M be a structure and A its finite substructure. The big
Ramsey degree of A in M, is the least brd(A) ∈ ω ∪ {ω} such that
for every k ∈ ω:

M −→ (M)Ak,brd(A).

M has finite big Ramsey degrees if the big Ramsey degree of every
finite substructure of M is finite.

Example

▶ (ω,<) has finite big Ramsey degrees (brd(n, <) = 1).

▶ ω has finite big Ramsey degrees (brd(n) = n!).

▶ In (Q, <), the big Ramsey degree of a vertex is 1.
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Useful colourings

Let M be a structure, A its finite substructure, k ∈ ω ∪ {ω}, and
χ : Emb(A,M) → k a colouring. We say that χ is:

▶ Unavoidable if χ is surjective on f ◦ Emb(A,M) for every
f : M → M.

▶ Universal if for every ℓ ∈ ω and every c : Emb(A,M) → ℓ
there are f : M → M and ι : k → ℓ such that for every
g ∈ Emb(A,M) it holds that c(f ◦ g) = ι(χ(f ◦ g)).

Observation

1. If χ is unavoidable then brd(A) ≥ k.

2. If χ is universal then brd(A) ≤ k.
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Sierpiński’s colouring

Let ◁ be an enumeration of Q (i.e. ordering of type ω).

Define a
colouring χ : Emb((2, <), (Q, <)) → 2, putting χ(g) = 0 if
g(0) ◁ g(1) and χ(g) = 1 otherwise.

Theorem (Sierpiński’33)

χ is unavoidable.

Proof.
< is a dense order, ◁ a well-order. They cannot be equal, nor
opposites of each other.

Theorem (Galvin’68)

χ is universal.
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Let ◁ be an enumeration of Q. Given x , y ∈ Q, the meet (or split)
of x and y , denoted by x ∧ y , is the ◁-least vertex z ∈ Q such that
z = x or z = y or x < z < y or y < z < x .

For every S ⊆ Q, the envelope of S , denoted by S , is the minimal
meet-closed set with S ⊆ S ⊆ Q.

For every n ∈ ω, define a colouring ξn of Emb((n, <), (Q, <)),
putting ξn(g) to be the isomorphism-type of (g [n], <, ◁, g [n]).

See Natasha’s and Honza’s talks
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A tree?
A tree is a poset (T , <) such that for every x ∈ T , the set
{y ∈ T : y < x} is finite and linearly ordered by <. The level of
x ∈ T is |{y ∈ T : y < x}|.

Example

A dense order and a well-order together define a tree with a
distinguished vertex on every level:
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Is ξn unavoidable?

Recall: ξn(g) is the isomorphism-type of (g [n], <, ◁, g [n]).

Observation (Devlin’79)

There is an embedding δ : (Q, <) → (Q, <) such that for every
n ∈ ω and every g : (n, <) → (Q, <) it holds that the elements of
g [n] are pairwise incomparable in the tree ξn(δ ◦ g).
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Theorem (Devlin’79)

Put χn to be the colouring induced by ξn on δ[Q]. Then χn is both
universal and unavoidable. Consequently,

brd(n, <) = |Im(χn)| = tan(2n−1)(0).

See Andy’s talk.

Devlin types

Coding node

Splitting node
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universal and unavoidable. Consequently,

brd(n, <) = |Im(χn)| = tan(2n−1)(0).

See Andy’s talk.
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Let < be an enumeration of R. Given x , y ∈ R, the meet (or split)
of x and y , denoted by x ∧ y , is the <-least vertex z ∈ R such that
z = x or z = y or exactly one of xz and yz is an edge of R.

For every S ⊆ R, the envelope of S , denoted by S , is the minimal
meet-closed set with S ⊆ S ⊆ R.

For every finite graph G, define a colouring ξG of Emb(G,R),
putting ξG(g) to be the isomorphism-type of (g [G ],E , <, g [G ]).

Theorem (Sauer’06)

ξG is universal for every G.

Laflamme, Sauer, and Vuksanovic in 2006 constructed λ : R → R
such that the colourings induced by ξG on λ[R] are both universal
and unavoidable.
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Bad news

Let S be the Fräıssé limit of the class of all finite
{R,B}-edge-coloured graphs with no monochromatic triangle.

Theorem (Sauer’?)

The big Ramsey degree of a vertex in S is at least 2.

Proof.
We will show that S ̸−→ (S)•3,1.
Let < be an enumeration of S. Define a colouring χ of S as
follows

(identifying S with Emb(•,S)):

χ(v) =


no if there is no w < v with vw an edge

red if the edge vw with w minimal is red

blue if the edge vw with w minimal is blue.
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Proof.
Assume that S = ω, thereby
enumerating S .

Define a colouring χ of
S , colouring v ∈ S by the colour of its
first edge down.

Assume that there is f : S → S
monochromatic. WLOG
χ[f [S ]] = {red}.

Put r = min(f [S ]),
X = {v ∈ f [S ] : rw is a blue edge}, and
define a colouring c : X → r , putting
c(v) to be the smallest w with vw an
edge.

By, say, the Nešeťril–Rödl theorem, there
is a c-monochromatic red edge in X . It
closes a red triangle in S, a
contradiction.

S
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Let M be a structure with vertex set ω. Given ℓ ∈ ω, we define an
equivalence relation ≃ℓ on ω, putting x ≃ℓ y if and only if the map
f : ℓ ∪ {x} → ℓ ∪ {y} such that f |ℓ = id and f (x) = y is an
isomorphism of substructures of M.

The equivalence classes of ≃ℓ

are called 1-types of level ℓ.
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Ages

Let M be a structure with vertex set ω. For distinct
[x1]

M
≃ℓ , . . . , [xk ]

M
≃ℓ ∈ M/ ≃ℓ we denote by Age([x1]

M
≃ℓ , . . . , [xk ]

M
≃ℓ)

the class of all finite isomorphism types of substructures induced
by vertices of [x1]

M
≃ℓ ∪ · · · ∪ [xk ]

M
≃ℓ in M with vertices of [xi ]

M
≃ℓ

being labelled by i .
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Level structures

Let M be a structure with vertex set ω. Given S ⊆ M, the level
structure of S of level ℓ in M, denoted by LℓM(S) has vertex set S ,
relation ≃ℓ |S , and for every s1, . . . , sk ∈ S such that they are
pairwise ≃ℓ-non-equivalent, we put (s1, . . . , sk) in a relation
describing Age([s1]

M
≃ℓ , . . . , [sk ]

M
≃ℓ).

Given S ⊆ M, the envelope of S in M is defined as

S = {ℓ ∈ ω : Lℓ+1
M (S) ̸= LℓM(S)}.

Typically, upper bound results produce universal colourings based
on what the envelopes look like.

Observation
For (Q, <) and the random graph this is equivalent to the old
definition (minimal meet-closed superset of S). Splitting and
coding are the only interesting events.

For H3, the first neighbour of a vertex, and the first common
neighbour of a pair of vertices are also interesting events.
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{R,B}-edge-coloured graphs with no monochromatic triangle.
Colour vertices of S by the colour of their least edge.

Possible ages of a singleton in S:

A single vertex

No edges

Age(S) (everything)

triangle-free R-graphs, no B edgestriangle-free B-graphs, no R edges



Paths in age posets
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colour of the edge to its first neighbour in E.



Paths in age posets
Recall Sauer’s example: S the Fräıssé limit of the class of all finite
{R,B}-edge-coloured graphs with no monochromatic triangle.
Colour vertices of S by the colour of their least edge.
Possible ages of a singleton in S:

A single vertex

No edges

Age(S) (everything)

triangle-free R-graphs, no B edgestriangle-free B-graphs, no R edges

Theorem (Balko, Chodounský, Dobrinen, Hubička, Konečný,
Vena, Zucker’23)

Colouring by maximal paths in the age poset is unavoidable.



Increasing the arity (see Honza’s talk)

Let G3 be the countable random 3-uniform hypergraph and assume
that G3 = ω. Given vertices x , y , z ,w ∈ G3 such that
x = min(x , y , z ,w) and z < w , define

m(x , y , z ,w) = min({x}∪
{v < x : exactly one of {v , x , y} and {v , z ,w} is an edge}).

Define a 2-colouring β of non-edges of G3 such that if
x < y < z ∈ G3 is a non-edge, we put β(x , y , z) = 0 if
m(x , y , x , z) < m(x , y , y , z) and β(x , y , z) = 1 otherwise.

Theorem (Balko, Chodounský, Hubička, Konečný, Vena’19;
Hubička, Konečný, Zucker’25+)

β is unavoidable. (I hope.)
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Totally intuitive!

Consider G3 with vertex set ω.

Given x < y ∈ ω, define δ(x , y) to
be a function x → 2 such that δ(x , y)(w) = 1 if and only if
{w , x , y} is a hyperedge. Call δ(x , y) the aux-2-type of x , y .
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Level structures

Let M be a structure with vertex set ω. Given n, ℓ ∈ ω, we define
an equivalence relation ≃ℓ

n on ωn, putting x̄ ≃ℓ
n ȳ if and only if the

map f : ℓ ∪ x̄ → ℓ ∪ ȳ such that f |ℓ = id and f (xi ) = yi for every
i ∈ n, is an isomorphism of substructures of M. The equivalence
classes of ≃ℓ

n are called n-types of level ℓ.
One can define ages of n-types, corresponding level structures,
envelopes, etc.
When colouring substructures of size s in a structure with
maximum arity a, it is enough to only consider n-types for every
n ≤ min(s, a− 1). [Braunfeld, Chodounský, de Rancourt, Hubička,
Kawach, Konečný’24]
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