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(Ubiquity) if |A| > 1 then either
> B <Ast 9#B#A, or
» 30 € Con(A) s.t. A/ is affine.
Advantages
1. Even weaker consistency condition for the bounded width CSP

2. Characterization of identities satisfied by any bounded width
algebra.
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(Transitivity) C<B<A=C<A
(Intersection) C,LB<AABNC#0=BNC<A
(

Propagation) if f: A — B is a surjective homomorphism,
(Pushforward) C < A = f(C) < B
(Pullback) D < B = f~1(C) < A

(HeIIy) if B1,B2,B3 < A, Vi, : B;ﬂBj#@éBlﬂBzﬂB37§®.

(Ubiquity) if |A| > 1 then either

> IB<Ast I£BZA, or

» 30 € Con(A) s.t. A/ is affine.
But...

1. No explicit definition

2. Affine case is too weak and cannot be used. This works
mostly for the bounded width case.
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Strong Subalgebras (version 4) Zhuk
New definitions are super nice and simple!

But... to simplify even more we define them only for Taylor
Minimal Algebras:

A is Taylor minimal if Clo(A) is an inclusion minimal clone
containing a Taylor operation.
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Strong Subalgebras (version 4) Zhuk

I. Contains a Binary Absorbing Subalgebra.
C<x,B&sC<BAdD<»Bst. DCC.

Il. Ternary absorbing subalgebra.
C <3 B.

[1l. Dividing subalgebra.
C<«"B& C=BnNE,
where E is a block of a congruence o on A s.t.

1. o is A-irreducible
2. o* D B2, where o* is the cover of &

3. B/o is ternary absorption free

Transitive closure.
B, <A By & By <k Bi_1 <k_1 -+ <2 By <1 Bg, where
<€ {=0, <3, <}



Properties of <<*



Properties of <<*

(Transitivity) D <A C «<“ B =D «<* B



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B

(Intersection) C,D <" BACND#0=CND «"B



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B

(Intersection) C,D <" BACND#0=CND «"B



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <A BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A’ jective h hi
(Pushforward) C <<# B = f(C) << f(B)
(Pullback) €' < B’ = f~1(C") < f~1(B)



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <A BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A’ jective h hi
(Pushforward) C <<# B = f(C) << f(B)
(Pullback) €' < B’ = f~1(C") < f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <A BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A’ jective h hi
(Pushforward) C <<# B = f(C) << f(B)
(Pullback) €' < B’ = f~1(C") < f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly)



Helly property



Helly property
R <44 Ag x Bg x Co,



Helly property
R <44 Ag x Bg x Co,



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,




Helly property
R <. Ap X Bg x Cy, Ay <« Ao,

X.X.










Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,

RN X

B, <« B By,

C.,, «% C,.



Helly property
R<
>sd A0 x B
o X C
0. A< Ay, By« B
0, Cm<©
Co.

RN /A X /Bs\ X
=+ &



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X X #* &



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

RN X /B X [&\ # O



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,

RN X

B, <« B By,

C.,, «% C,.



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,

RN X

A, < A;

B, <« B By,

C.,, «% C,.



Helly property
R <. Ap X Bg x Cy, Ay <« Ao,

o” € Con(Ay)

RN A X
-
Y/

A, < A;

B, <« B By,

C.,, «% C,.



Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

o” € Con(A)




Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

o” € Con(A) B




Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

o” € Con(Ay) o€ € Con(Cyp)




Helly property
R <. Ag x By x Cq, Ay <™ Ay, B, <«<B By, C,, << Cy.

o€ € Con(Co)




Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly)



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly) Suppose
> C; <;B; <? A, <;c{<o,<3, 4"}, ic[n], n>2,



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly) Suppose
> C; <;B; <? A, <;c{<o,<3, 4"}, ic[n], n>2,
| 2 ﬂC,- = g,



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.
(Helly) Suppose
> C, <;B; << A, <€ {=2,<3, 4"}, i€[n], n>2,
» NC, =g,
> V) Bjﬁﬂ,-#jc,-;é@.



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly) Suppose
> C; <;B; <? A, <;c{<o,<3, 4"}, ic[n], n>2,

| 2 ﬂCi:@'
> V) Bjﬁﬂ,-#jc,-;é@.
then

1. either <;=<3 for every i and n =2,



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly) Suppose
> C; <;B; <? A, <;c{<o,<3, 4"}, ic[n], n>2,

| 2 ﬂCi:@'
> V) Bjﬁﬂ,-#jc,-;é@.
then

1. either <;=<3 for every i and n =2,

2. or <;j=<" for every i



Properties of <<*
(Transitivity) D <A C «<“ B =D «<* B
(Intersection) C,D <" BACND#0=CND «“B

ropagation) if f: A — IS @ surjective homomorphism,
P ion) if f: A — A jective h hi
(Pushforward) C <<* B = f(C) < f(B)
(Pullback) €’ <" B’ = f~}(C') <«<* f~1(B)

(Ubiquity) if B <<” A and |B| > 1 then 3C <«<” B.

(Helly) Suppose
> C; <;B; <? A, <;c{<o,<3, 4"}, ic[n], n>2,

» NC, =g,
> V) Bjﬁﬂ,-#jc,-;é@.
then

1. either <;=<3 for every i and n =2,

2. or <;j=<" for every i + exist nice bridges



Bridges



Bridges
o1 € Con(Ay), o2 € Con(A2).



Bridges

o1 € Con(Ay), o2 € Con(A2).
§ < A? x AZ is a bridge from o1 to o if



Bridges

o1 € Con(Ay), o2 € Con(A2).
§ < A? x AZ is a bridge from o1 to o if

A1><A1 A2><A2

D\ /72N



Bridges
o1 € Con(Ay), o2 € Con(A2).
§ < A? x AZ is a bridge from o1 to o if
1. (al, ar, as, 34) €9

A1><A1 A2><A2

D\ /72N



Bridges
o1 € Con(Ay), o2 € Con(A2).
§ < A? x AZ is a bridge from o1 to o if
1. (al, ar, as, 34) €9

cilon] |o2] A x A; A x A,

TN /72N



Bridges
o1 € Con(Ay), o2 € Con(A2).
§ < A? x AZ is a bridge from o1 to o if
1. (al, ar, as, 34) €9

el |l A x A; A x A,



Bridges

o1 € Con(Ay), o2 € Con(A2).

§ < A? x A3 is a bridge from o7 to o2 if

1. (al,az, as, 34) €9

orlon] Jexle2 | A; x A
(b1, ba, b3, ba) € 0 \

2. pryp(6) 2 o1,

pr34(d) 2 o2

A;

XA2




Bridges

o1 € Con(Ay), o2 € Con(A2).
§ < A? x A3 is a bridge from o7 to o2 if
1. (al,az, as, 34) €9
orlon] Jexle2 | A; x A
(b1, ba, b3, ba) € 0 ;
2. pryp(6) 2 o1,
pr34(d) 2 o2
3. (a1,a2,33,a1) €6

4

A2><A2




Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €0
lon] |ez]er §
(bl, by, b3, b4) €
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
U

(21,32) €01 <= (33, 34) € o>.

A1><A




Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €0
lon] |ez]er §
(bl, by, b3, b4) €
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
U

(21,32) €01 <= (33, 34) € o>.

A1><A




Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €0
lon] |ez]er §
(bl, by, b3, b4) €
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
U

(21,32) €01 <= (33, 34) € o>.

A1><A




Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €9
lon] |ez]er §
(bl, b2, b3, b4) €d
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
)

(21,32) €01 <= (33, 34) € o>.

A1XA

Example



Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €9
lon] |ez]er §
(bl, b2, b3, b4) €d
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
)

(21,32) €01 <= (33, 34) € o>.

A1XA

Example

A=A =174



Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32, as, 34) €9
lon] |ez]er §
(bl, b2, b3, b4) €d
2. pryp(6) 2 o1,
pr34(0) 2 o2
3. (a1,a2,a33,a4) €0
)

(a1,a32) € 01 < (a3, 1) € 0.

A1><A

Example
Al = Ax =7y

RES {(Xl,XQ,X3,X4) S Zﬁ ‘ X1 — Xo = 2X3 = 2X4},



Bridges

o1 € Con(Ay), o2 € Con(Ay).
§ < A? x A3 is a bridge from o7 to o2 if
1. (81,32,33,34) €9
ale] |e2le | A; x A A, x A,
(bl’bz’b3’b4) €90 SR
2. pry(6) 2 o1, SR
pr34(9) 2 02 §
3. (a1,a2,a33,a4) €0 S
)

(a1,a32) € 01 < (a3, 1) € 0.

Example

Al =Ax =174

RES {(Xl,XQ,X3,X4) S Zﬁ ‘ X1 — Xo = 2X3 = 2X4},

J is a bridge between 0-cogruence and (mod 2)-congruence.
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41 is a bridge from o7 to o5

0 is a bridge from o3 to o3
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N
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N
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Composition of bridges

41 is a bridge from o7 to o5

0 is a bridge from o3 to o3

d := 01 0 07 is a bridge from o1 to o3 (if o is irreducible)
0(x1,x2, 21, 22) 1= y13y» d1(x1, X2, y1,¥2) A 02(y1, ¥2, 21, 22)
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Nice bridges

Theorem

Suppose
> A = (A; w), where w is a WNU operation.

All Edges

» o € Con(A) is A-irreducible.

» § < A% s a bridge from ¢ to o. A ‘

» d(x,x,y,y) defines A x A.
Then A/o € AJo* K Z,

C e BXZ,:
- domain C = B x Z,,

g,c(xil)./ . ,x,(,l)) + alx£2) + 32X2(2) + -4+ anx,(,2))

o is called a perfect linear congruence.
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Helly property
R <. A x By x Cg, A, <™ Ag, B, <«<Bo By, C,, << Co.

o” € Con(Ay) o€ € Con(Cyp)

A, < A;
Theorem J

prio(R) is linked = 0 and ¢ are perfect linear congruences.
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Thank you for your attention
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