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Theorem (Bhattacharjee-Macpherson'05, Solecki'07,
Siniora—Solecki'19)

Let M be a homogeneous relational structure. If Age(M) has
coherent EPPA then Aut(M) contains a dense locally finite
subgroup.
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| hope to present some interesting M'’s.
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Sym(w) with composition is a Polish group.
Pointwise stabilisers of finite sets form a system of
neighbourhoods of the identity.
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Fact

Let M be a relational structure with vertex set w. Then Aut(M) is
a closed subgroup of Sym(w).

Conversely, let G be a closed subgroup of Sym(w). Then there is a
relational structure M with vertex set w such that G = Aut(M).
In fact, M can be chosen to be homogeneous.
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Homogeneous structures

Let A be a structure. A partial function f: A — A is a partial
automorphism of A if it is an isomorphism of Dom(f) and
Range(f).

We say that f extends to o € Aut(A) if f C a.

A is homogeneous if every partial automorphism of A with finite
domain can be extended to an automorphism of A.
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Fraissé’'s theorem (1950's)

Let M be a countable homogeneous relational structure. Let
Age(M) be the class of all finite structures which embed into M.
Then Age(M) has the joint embedding property (JEP) and the
amalgamation property (AP).

Conversely, if C is a hereditary isomorphism-closed class of finite
structures with JEP and AP such that it has only countably many
members up to isomorphism then there is a homogeneous structure
M such that C = Age(M). We call this M the Fraissé limit of C
and it is unique up to isomorphism.



Examples

By [Gardiner, 1976] and [Lachlan, Woodrow, 1980], the countable
homogeneous graphs are the following:

1. G

2. L(K373)

3. Disjoint unions of cliques of the same size (finite or infinite)
4. The countable random graph ( <= all finite graphs)

5. The K,-free Henson graphs ( <= all finite K,-free graphs)
6. Complements thereof



Examples II.

v

Finite linear orders <— (Q, <)
Finite sets <= the countable set

Finite k-uniform hypergraphs <= the countable random
k-uniform hypergraph

Finite boolean algebras <= the countable atomless BA

Finite tournaments <= the countable homogeneous
tournament

Finite metric spaces <= the Urysohn space

Finite groups <= Hall’s universal locally finite group
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EPPA

Definition (EPPA, extension property for partial
automorphisms)

Let A C B be finite structures. B is an EPPA-witness for A if
every partial automorphism of A extends to an automorphism of B.
A class C of finite structures has EPPA if for every A € C there is
B < C, which is an EPPA-witness for A.

Theorem (Hrushovski, 1992)
The class of all finite graphs has EPPA.



(Non-)examples



(Non-)examples

» Every finite set is an EPPA-witness for itself.



(Non-)examples

» Every finite set is an EPPA-witness for itself.
» Finite linear orders do not have EPPA.



(Non-)examples

» Every finite set is an EPPA-witness for itself.
» Finite linear orders do not have EPPA.

» [Bradley-Williams, Cameron, Hubitka, K, 2023] Every
EPPA-witness of this graph G has at least Q(2"/\/n) vertices:



(Non-)examples

» Every finite set is an EPPA-witness for itself.
» Finite linear orders do not have EPPA.

» [Bradley-Williams, Cameron, Hubitka, K, 2023] Every
EPPA-witness of this graph G has at least Q(2"/\/n) vertices:

@ Every permutation of the left part
is a partial automorphism of G. %

n



(Non-)examples

» Every finite set is an EPPA-witness for itself.
» Finite linear orders do not have EPPA.

» [Bradley-Williams, Cameron, Hubitka, K, 2023] Every
EPPA-witness of this graph G has at least Q(2"/\/n) vertices:

@ Every permutation of the left part
is a partial automorphism of G. %
» Claim: In every EPPA-witness,

for every S € (,5'/7]2) there is a .
vertex connected to S and not to o
[n]\ S. .

n



(Non-)examples

» Every finite set is an EPPA-witness for itself.

» Finite linear orders do not have EPPA.

» [Bradley-Williams, Cameron, Hubitka, K, 2023] Every
EPPA-witness of this graph G has at least Q(2"/\/n) vertices:

@ Every permutation of the left part

|3

is a partial automorphism of G.

» Claim: In every EPPA-witness,
for every S € (,5'/7]2) there is a .
vertex connected to S and not to O
n\S.
[n] \ . 8

» Pick arbitrary S € (n/2).
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Multiple partial automorphisms are a different beast




Multiple partial automorphisms are a different beast

Cf. profinite topology, Hall's theorem, Ribes—Zalesskii theorem, Mackey's
construction.
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Suppose that a class C of L-structures has EPPA. Pick Ay € C

Let M be the union of the chain. M is homogeneous.
“Aut(M) = JAut(A;)"

Theorem (Kechris—Rosendal, 2007)

The class of all substructures of a homogeneous structure M has
EPPA if and only if Aut(M) can be written as the closure of a
chain of compact subgroups.
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Definition (Coherent EPPA, Solecki'07, Siniora—Solecki'19)

An EPPA-witness B for A is coherent if there is a map ® from
partial automorphisms of A to automorphisms of B such that:

1. ®(f) extends f,

2. if Dom(g) = Range(f) then ®(gf) = ®(g)d(f).
A class C of finite structures has coherent EPPA if for every A € C
there is B € C, which is a coherent EPPA-witness for A.
Theorem (Bhattacharjee—Macpherson’05, Solecki'07,
Siniora—Solecki'19)

Let M be a homogeneous relational structure. If Age(M) has
coherent EPPA then Aut(M) contains a dense locally finite
subgroup.

By the way...

If Aut(M) contains a dense locally finite subgroup then Age(M)
has EPPA. (I think!)



Which classes have EPPA’?

» Graphs [Hrushovski, 1992], K,-free graphs [Herwig, 1998]

» Relational structures (with forbidden cliques) [Herwig, 2000],
[Hodkinson—Otto, 2003]

Metric spaces [Solecki, 2005; Vershik, 2008], also
[Hubitka—K—Ne3etfil, 2019]

Two-graphs [Evans—Hubitka—K—Ne3et¥il, 2020]
Metrically homogeneous graphs [AB-WHKKKP, 2017], [K, 2020]

v

Generalised metric spaces [Hubi¢ka—K—Nezet¥il, 2019-+]

vV v vy

n-partite and semigeneric tournaments [Hubi¢ka—Jahel-K-Sabok,
2024]

Groups [Siniora, 2017]

A\



Which classes have coherent EPPA’?

v

Graphs [Bhattacharjee-Macpherson'05]

v

K,-free graphs, relational structures (with forbidden cliques)
[Hodkinson—Otto, 2003] + [Siniora—Solecki'19]

Metric spaces [Solecki, 2005] + [Solecki, 2007]

TFwo-graphs OPEN
Metrically homogeneous graphs [AB-WHKKKP, 2017], [K, 2020]

‘p-partite-and-semigenerictournaments [ =1

>
>
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» Generalised metric spaces [Hubitka—K—Nesetfil, 2019+]
>
» Groups [Siniora, 2017]
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Observation (Siniora, Solecki 2019)
Every finite set is a coherent EPPA-witness for itself.

Proof.

1.
2.
3.

Let A be a finite set. W.l.o.g A={0,...,n—1}.
Let f be a partial bijection A — A.

Enumerate A\ Dom(f) = {dp < d1 < --- < dk_1} and
A\ Range(f)={rnn<n <---<rk1}

. Define (f): A— A as

f(x) if x € Dom(f)

*(F)x) = {r- if x=d,.

Exercise: Verify that ®(gf) = ®(g)P(f).
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Proof (Evans, Hubitka, K, Neset¥il, 2021).
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Coherent EPPA for graphs

Proof (Evans, Hubitka, K, Neset¥il, 2021).
Given set A, define graph Ha.
Ha={(x,f):x e A f: A\ {x} — {0,1}}.
{(x.f).(y.8)} € E < x#y and f(y) # g(x).

: , 11
1. For a permutation 7: A — A define
o HZ — I-;,, tby - \\\Vl‘/“‘}\'f{{
ar((x, F)) = (7(x), g), where 10 g\\ ,'0‘\0/
gly) = f(x 1 (y)). ,;}@:0,‘@1'\
2. o € Aut(Ha) and a,, = ara,. 01 4’2’(\""\“
3. For x # y € A define o, by / \"‘&\
) 2 e = (2. 7
fnd g(_w) = f(w) othér)\;vis; , H4 x Yy “

4. o,y € Aut(Ha) and
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Coherent EPPA for graphs Il.

Ha={(x,f):xe€ A f: A\ {x} — {0,1}}.

{(x,),(y,8)} € E <= x#yand f(y) # g(x).

1.
2.

Fix a graph G and consider Hg.

Embed G — Hg¢ sending

v = (v, f) with

flw)=1 < w<vand
wv € E(G).

. Pick a partial automorphism f of G

and extend it to a permutation 7w of
G.

. Consider a;. There is a canonical

set F of ay,'s such that
0 = a; o OF extends f.

If 7 is coherent then 6 is coherent.

11
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Theorem (Hubitka—K—NeZettil 2022)
Let L be a language where all functions are unary. Given a finite
L-structure A and n > 1, there is a finite L-structure B satisfying
the following:

1. B is a coherent EPPA-witness for A.

2. Every irreducible substructure of B embeds into A.

3. Every substructure of B on at most n vertices is a
substructure of a bowup of @ tree amalgamation of copies of A.
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Theorem (Hubitka—K—NeZettil 2022)

Let L be a language where all functions are unary. Given a finite
L-structure A and n > 1, there is a finite L-structure B satisfying
the following:

1. B is a coherent EPPA-witness for A.

2. Every irreducible substructure of B embeds into A.

3. Every substructure of B on at most n vertices is a
substructure of a bowup of @ tree amalgamation of copies of A.

» Generalises [Herwig—Lascar'00], its coherent strengthening
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[Etedadialiabadi-Gao'19]: Ultraextensive spaces..?
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